Abstract. Let L(M ) be the bundle of all linear frames over a smooth manifold M , u an arbitrarily given point of L(M ), and
§1. Introduction
Let L(M ) be the bundle of all linear frames over a smooth manifold M , u an arbitrarily given point of L(M ), and ∇ : X(M )×X(M ) → X(M ) a linear connection on M . Here X(M ) is the set of all smooth vector fields on M . In this paper, in terms of local coefficient functions Γ i jk of the linear connection ∇ on M and local coordinates of the point u ∈ L(M ), we express the horizontal subspace Q u ⊂ T u (L(M )). This result is well known, and is very fundamental in the study on the theory of connections. In this paper we show that the local expression of the horizontal subspace at the point u does not depend on the choice of a local coordinate system around the point u ∈ L(M ), which is rarely seen. Moreover, we give full explanations for the above consequence. §2. Horizontal subspaces in the bundle of linear frames over a smooth manifold 2.1. Connections in a principal fiber bundle. Let (P, M, G, π) be a principal fiber bundle over a manifold M with group G. For each u ∈ P , let T u (P ) be the tangent space of P at u and G u the subspace of T u (P ) consisting of vectors tangent to the fiber through u. A connection in (P, M, G, π) is an assignment of a subspace Q u of T u (P ) to each u ∈ P such that
(2.2) Q ug = R g Q u for every u ∈ P and g ∈ G, where R g is the transformation of P induced by g ∈ G, R g u = ug; (2.3) Q u depends differentiably on u.
Given a connection Q in (P, M, G, π), we define a 1-form ω on P with values in the Lie algebra g of G as follows. For each W ∈ T u P , we define ω(W ) to be the unique x ∈ g such that (x ) u is equal to the vertical component of W . Here x is the fundamental vector field corresponding to x ∈ g which is defined on P (cf. [1, 2] ). The form ω is called the connection form of the given connection Q (cf. [2, 3, 4] ).
The Christoffel's symbols of a linear connection on
Taking local coordinate systems (x 1 , ..., x n ), (y 1 , ..., y n ) on neighborhoods U, V being contained in M respectively, then we may write (2.4)
are called the Christoffel's symbols for the linear connection ∇ on M relative to the local coordinate system (x 1 , ..., x n ) (resp. (y 1 , ..., y n )) on neighborhoods U (resp. V ) on M . In the intersection of the two coordinate neighborhoods U and V , we have
Horizontal subspaces and connection form.
Here and from now on in this paper, we shall denote the bundle L(M ) of linear frames on M by P and the general linear group GL(n, R), n = dimM , by G.
ji andΓ k ji the Christoffel's symbols with respect to local coordinate systems x 1 , ..., x n , y 1 , ..., y n which are defined on neighborhoods U, V , respectively. For w ∈ π −1 (U ∩ V ) we may write (2.6)
So we obtain two local coordinate systems on π −1 (U ∩ V ) (2.7) (x 1 , ..., x n , a 1 1 , ..., a n n ) and (y 1 , ..., y n , b 1 1 , ..., b n n ). Let p be an arbitrarily given point which belongs to U , and let X =
, be an arbitrarily given tangent vector which belongs to T p (M ). Then
First of all, we obtain the horizontal lift of X at u ∈ P, (π(u) = p). Let c t , − < t < , be an integral curve of X which satisfies the following conditions:
Let u t , − < t < , be the horizontal lift of c t satisfying the initial condition u 0 = u. We denote u t , − < t < , by (X 1 (t), ..., X n (t)). Then, (X 1 (0), ..., X n (0)) = u 0 = u. Moreover we may write for each t ∈ (− , ) (2.10)
From (2.6) we get on
In order to obtain the main result, we recall the lemma below Lemma 2.1 [2] . Let v t = (Y 1 (t) , ..., Y n (t)), − < t < , be a smooth curve in L(M ) with π(v t ) = c(t). Then the following statements are equivalent:
(i) each Y i (t), − < t < , is parallel along the curve c(t); (ii) v t , − < t < , is the horizontal lift of the curve c(t) passing through the point v 0 .
Since u t , − < t < , is the horizontal curve of the curve c t with u 0 = u, we get from (2.4), (2.9) and Lemma 2.1 (2.12)
So the horizontal lift X ∈ T u (P ) of the vector X = i ξ i (∂/∂x i ) p may be written as
By virtue of (2.6) and (2.7), we get on π −1 (U ∩ V ) (2.14)
From (2.5), (2.8), (2.11), (2.13) and (2.14), we obtain (2.15)
This shows that the horizontal subspace does not depend on the choice of the local coordinate system around the point u ∈ L(M ), which is rarely seen. Thus we have Theorem 2.2. Let u ∈ L(M ) be an arbitrarily given point, (x 1 , ..., x n ) a coordinate system on a neighborhood U ⊂ M which contains π(u) = p, and (x 1 , ..., x n , a 1 1 , ..., a n n ) the coordinate system on π −1 (U ) ⊂ L(M ). Let Γ i jk be the Christoffel's symbols on U which are defined by a linear connection ∇ : X(M ) × X(M ) → X(M ). Then the horizontal subspace Q u of T u L(M ) at the point u is given as follows:
